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Rank-Based Similarity Search: Reducing
the Dimensional Dependence
Michael E. Houle and Michael Nett
Abstract—This paper introduces a data structure for k-NN search, the Rank Cover Tree (RCT), whose pruning tests rely solely on the
comparison of similarity values; other properties of the underlying space, such as the triangle inequality, are not employed. Objects are
selected according to their ranks with respect to the query object, allowing much tighter control on the overall execution costs. A formal
theoretical analysis shows that with very high probability, the RCT returns a correct query result in time that depends very competitively
on a measure of the intrinsic dimensionality of the data set. The experimental results for the RCT show that non-metric pruning
strategies for similarity search can be practical even when the representational dimension of the data is extremely high. They also
show that the RCT is capable of meeting or exceeding the level of performance of state-of-the-art methods that make use of metric
pruning or other selection tests involving numerical constraints on distance values.
Index Terms—Nearest neighbor search, intrinsic dimensionality, rank-based search
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INTRODUCTION

O

F the fundamental operations employed in data mining
tasks such as classification, cluster analysis, and anomaly detection, perhaps the most widely-encountered is that
of similarity search. Similarity search is the foundation of
k-nearest-neighbor (k-NN) classification, which often produces competitively-low error rates in practice, particularly
when the number of classes is large [26]. The error rate of
nearest-neighbor classification has been shown to be
‘asymptotically optimal’ as the training set size increases
[14], [47]. For clustering, many of the most effective and
popular strategies require the determination of neighbor
sets based at a substantial proportion of the data set objects
[26]: examples include hierarchical (agglomerative) methods such as ROCK [22] and CURE [23]; density-based methods such as DBSCAN [17], OPTICS [3], and SNN [16]; and
non-agglomerative shared-neighbor clustering [27]. Content-based filtering methods for recommender systems [45]
and anomaly detection methods [11] commonly make use
of k-NN techniques, either through the direct use of k-NN
search, or by means of k-NN cluster analysis. A very popular density-based measure, the Local Outlier Factor (LOF),
relies heavily on k-NN set computation to determine the relative density of the data in the vicinity of the test point [8].
For data mining applications based on similarity search,
data objects are typically modeled as feature vectors of
attributes for which some measure of similarity is defined.
Often, the data can be modeled as a subset S  U belonging
to a metric space M ¼ ðU; dÞ over some domain U, with
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distance measure d : U  U 7! Rþ satisfying the metric postulates. Given a query point q 2 U, similarity queries over S
are of two general types:


k-nearest neighbor queries report a set U  S of size k
elements satisfying dðq; uÞ  dðq; vÞ for all u 2 U and
v 2 S n U.
 Given a real value r  0, range queries report the set
fv 2 S j dðq; vÞ  rg.
While a k-NN query result is not necessarily unique, the
range query result clearly is.
Motivated at least in part by the impact of similarity
search on problems in data mining, machine learning, pattern recognition, and statistics, the design and analysis of
scalable and effective similarity search structures has been
the subject of intensive research for many decades. Until relatively recently, most data structures for similarity search
targeted low-dimensional real vector space representations
and the euclidean or other Lp distance metrics [44]. However, many public and commercial data sets available today
are more naturally represented as vectors spanning many
hundreds or thousands of feature attributes, that can be real
or integer-valued, ordinal or categorical, or even a mixture
of these types. This has spurred the development of search
structures for more general metric spaces, such as the MultiVantage-Point Tree [7], the Geometric Near-neighbor Access
Tree (GNAT) [9], Spatial Approximation Tree (SAT) [40], the
M-tree [13], and (more recently) the Cover Tree (CT) [6].
Despite their various advantages, spatial and metric
search structures are both limited by an effect often referred
to as the curse of dimensionality. One way in which the curse
may manifest itself is in a tendency of distances to concentrate strongly around their mean values as the dimension
increases. Consequently, most pairwise distances become
difficult to distinguish, and the triangle inequality can no
longer be effectively used to eliminate candidates from consideration along search paths. Evidence suggests that when
the representational dimension of feature vectors is high
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(roughly 20 or more [5], [49]), traditional similarity search
accesses an unacceptably-high proportion of the data elements, unless the underlying data distribution has special
properties [6], [12], [41]. Even though the local neighborhood information employed by data mining applications is
both useful and meaningful, high data dimensionality tends
to make this local information very expensive to obtain.
The performance of similarity search indices depends
crucially on the way in which they use similarity information for the identification and selection of objects relevant to
the query. Virtually all existing indices make use of numerical constraints for pruning and selection. Such constraints
include the triangle inequality (a linear constraint on three
distance values), other bounding surfaces defined in terms
of distance (such as hypercubes or hyperspheres) [25], [32],
range queries involving approximation factors as in Locality-Sensitive Hashing (LSH) [19], [30], or absolute quantities
as additive distance terms [6]. One serious drawback of
such operations based on numerical constraints such as the
triangle inequality or distance ranges is that the number of
objects actually examined can be highly variable, so much
so that the overall execution time cannot be easily predicted.
In an attempt to improve the scalability of applications
that depend upon similarity search, researchers and practitioners have investigated practical methods for speeding up
the computation of neighborhood information at the
expense of accuracy. For data mining applications, the
approaches considered have included feature sampling for
local outlier detection [15], data sampling for clustering
[50], and approximate similarity search for k-NN classification (as well as in its own right). Examples of fast approximate similarity search indices include the BD-Tree, a
widely-recognized benchmark for approximate k-NN
search; it makes use of splitting rules and early termination
to improve upon the performance of the basic KD-Tree. One
of the most popular methods for indexing, Locality-Sensitive Hashing [19], [30], can also achieve good practical
search performance for range queries by managing parameters that influence a tradeoff between accuracy and time.
The spatial approximation sample hierarchy (SASH) similarity search index [29] has had practical success in accelerating the performance of a shared-neighbor clustering
algorithm [27], for a variety of data types.
In this paper, we propose a new similarity search structure, the Rank Cover Tree (RCT), whose internal operations
completely avoid the use of numerical constraints involving
similarity values, such as distance bounds and the triangle
inequality. Instead, all internal selection operations of the
RCT can be regarded as ordinal or rank-based, in that objects
are selected or pruned solely according to their rank with
respect to the sorted order of distance to the query object.
Rank thresholds precisely determine the number of objects
to be selected, thereby avoiding a major source of variation
in the overall query execution time. This precision makes
ordinal pruning particularly well-suited to those data mining applications, such as k-NN classification and LOF outlier detection, in which the desired size of the neighborhood
sets is limited. As ordinal pruning involves only direct pairwise comparisons between similarity values, the RCT is
also an example of a combinatorial similarity search algorithm [21].
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The main contributions of this paper are as follows:


A similarity search index in which only ordinal
pruning is used for node selection—no use is made
of metric pruning or of other constraints involving
distance values.
 Experimental evidence indicating that for practical
k-NN search applications, our rank-based method is
very competitive with approaches that make explicit
use of similarity constraints. In particular, it comprehensively outperforms state-of-the-art implementations of both LSH and the BD-Tree, and is capable of
achieving practical speedups even for data sets of
extremely high representational dimensionality.
 A formal theoretical analysis of performance showing that RCT k-NN queries efficiently produce correct results with very high probability. The
performance bounds are expressed in terms of a
measure of intrinsic dimensionality (the expansion
rate [31]), independently of the full representational
dimension of the data set. The analysis shows that
by accepting polynomial sublinear dependence of
query cost in terms of the number of data objects n,
the dependence on the intrinsic dimensionality is
lower than any other known search index achieving
sublinear performance in n, while still achieving
very high accuracy.
To the best of our knowledge, the RCT is the first practical
similarity search index that both depends solely on ordinal
pruning, and admits a formal theoretical analysis of correctness and performance. A preliminary version of this work
has appeared in [28].
The remainder of this paper is organized as follows.
Section 2 briefly introduces two search structures whose
designs are most-closely related to that of the RCT: the
rank-based SASH approximate similarity search structure
[29], and the distance-based Cover Tree for exact similarity
search [6]. Section 3 introduces basic concepts and tools
needed to describe the RCT. Section 4 presents the algorithmic details of the RCT index. In Section 5 we provide a formal theoretical analysis of the theoretical performance
guarantees of the RCT. Section 6 compares the practical
performance of the RCT index with that of other popular
methods for similarity search. Concluding remarks are
made in Section 7.

2

RELATED WORK

This paper will be concerned with two recently-proposed
approaches that on the surface seem quite dissimilar: the
SASH heuristic for approximate similarity search [29], and
the Cover Tree for exact similarity search [6]. Of the two,
the SASH can be regarded as combinatorial, whereas the
Cover Tree makes use of numerical constraints. Before formally stating the new results, we first provide an overview
of both the SASH and the Cover Tree.

2.1 SASH
A (SASH) is a multi-level structure recursively constructed
by building a SASH on a half-sized random sample S 0  S of
the object set S, and then connecting each object remaining
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Fig. 1. SASH routine for finding approximate k-nearest neighbors.

outside S 0 to several of its approximate nearest neighbors
from within S 0 . Queries are processed by first locating
approximate neighbors within sample S 0 , and then using the
pre-established connections to discover neighbors within the
remainder of the data set. The SASH index relies on a pairwise distance measure, but otherwise makes no assumptions
regarding the representation of the data, and does not use
the triangle inequality for pruning of search paths.
SASH construction is in batch fashion, with points
inserted in level order. Each node v appears at only one
level of the structure: if the leaf level is level 1, the probability of v being assigned to level j is 21j . Each node v is attached
to at most p parent nodes, for some constant p  1, chosen
as approximate nearest neighbors from among the nodes at
one level higher than v. The SASH guarantees a constant
degree for each node by ensuring that each can serve as the
parent of at most c ¼ 4p children; any attempt to attach
more than c children to an individual parent w is resolved
by accepting only the c closest children to w, and reassigning rejected children to nearby surrogate parents whenever
necessary.
Similarity queries are performed by establishing an
upper limit kj on the number of neighbor candidates to
be retained from level j of the SASH, dependent on both
j and the number of desired neighbors k (see Fig. 1). The
search starts from the root and progresses by successively
visiting all children of the retained set for the current
level, and then reducing the set of children to meet the
quota for the new level, by selecting the kj elements closest to the query point. In the case of k-NN search, when
the quota values are chosen as


j
1
1
kj ¼ max k log2 n ; pc ;
2
the total number of nodes visited is bounded by
1þlog1 n

k
k

1
log2 n

2

1

þ

pc2
~ þ log nÞ:
log2 n ¼ Oðk
2
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SASH construction can be performed in Oðpcn log nÞ time
and requires OðcnÞ space. The SASH was proposed as a
heuristic structure with no formal analysis of query accuracy; however, its lack of dependence on the representational dimension of the data, together with tight control on
the execution time, allow it to achieve very substantial
speed-ups (typically 1-3 orders of magnitude) for real data
sets of sizes and representational dimensions extending into
the millions, while still consistently achieving high accuracy
rates [27], [29].
Very few other efficient similarity search methods are
known to use rank information as the sole basis for access
or pruning. The recent algorithm of [48] proposes a rankbased hashing scheme, in which similarity computation
relies on rank averaging and other arithmetic operations.
No experimental results for this method have appeared in
the research literature as yet. Another algorithm we considered, the combinatorial random connection graph search
method RanWalk [21], is mainly of theoretical interest, since
the preprocessing time and space required is quadratic in
the data set size. Due to these impracticalities, both methods are excluded from the experimentation presented in
Section 6.

2.2 Cover Trees and the Expansion Rate
In [31], Karger and Ruhl introduced a measure of intrinsic
dimensionality as a means of analyzing the performance of
a local search strategy for handling nearest neighbor
queries. In their method, a randomized structure resembling a skip list [42] is used to retrieve pre-computed samples of elements in the vicinity of points of interest.
Eventual navigation to the query is then possible by repeatedly shifting the focus to those sample elements closest to
the query, and retrieving new samples in the vicinity of the
new points of interest. The complexity of their method
depends heavily on the rate at which the number of visited
elements grows as the search expands. Accordingly, they
limited their attention to sets which satisfied the following
smooth-growth property. Let
BS ðv; rÞ ¼ fw 2 S j dðv; wÞ  rg
be the set of elements of S contained in the closed ball of
radius r centered at v 2 S. Given a query set U, S is said to
have ðb; dÞ-expansion if for all q 2 U and r > 0,
jBS ðq; rÞj  b ¼) jBS ðq; 2rÞj  d jBS ðq; rÞj:
The expansion rate of S is the minimum value of d such that
the above condition holds, subject to the choice of minimum
ball set size b (in their analysis, Karger and Ruhl chose
b ¼ OðlogjSjÞ). Karger and Ruhl’s expansion rates have
since been applied to the design and analysis of routing
algorithms and distance labeling schemes [1], [10], [46].
One can consider the value log2 d to be a measure of the
intrinsic dimension, by observing that for the euclidean distance metric in Rm , doubling the radius of a sphere
increases its volume by a factor of 2m . When sampling Rm
by a uniformly distributed point set, the expanded sphere
would contain proportionally as many points.
However, as pointed out by the authors themselves, lowdimensional subsets in very high-dimensional spaces can
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Fig. 2. Cover tree routine for finding the nearest neighbor of q

have very low expansion rates, whereas even for onedimensional data the expansion rate can be linear in the size
of S. The expansion dimension log2 d is also not a robust measure of intrinsic dimensionality, in that the insertion or deletion of even a single point can cause an arbitrarily-large
increase or decrease.
Subsequently, Krauthgamer and Lee [34] proposed a
structure called a Navigating Net, consisting of a hierarchy
of progressively finer "-nets of S, with pointers that allow
navigation from one level of the hierarchy to the next. Their
analysis of the structure involved a closely-related alternative to the expansion dimension that does not depend on
the distribution of S. The doubling constant is defined as the
minimum value d such that every ball BS ðq; 2rÞ can be
entirely covered by d balls of radius r. Analogously, the
doubling dimension is then defined as log2 d . Although
Gupta et al. [24] have shown that the doubling dimension is
more general than the expansion dimension, the latter is
more sensitive to the actual distribution of the point set S.
In [33], Krauthgamer and Lee furthermore showed that
without additional assumptions, nearest neighbor queries
cannot be approximated within a factor of less than 75, unless
log d 2 Oðlog log nÞ.
For real-world data sets, the values of the expansion rate
can be very large, typically greatly in excess of log2 n [6]. In
terms of d, the execution costs associated with Navigating
Nets are prohibitively high. Beygelzimer et al. [6] have
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proposed an improvement upon the Navigating Net with
execution costs depending only on a constant number of
factors of d. They showed that the densely-interconnected
graph structure of a Navigating Net could be thinned into a
tree satisfying the following invariant covering tree condition: for every node u at level l  1 of the structure, its parent v at level l is such that dðu; vÞ < 2l . Nearest-neighbor
search in the resulting structure, called a Cover Tree, progresses by identifying a cover set of nodes Cl at every tree
level l whose descendants are guaranteed to include all
nearest neighbors. Fig. 2 shows the method by which the
cover sets are generated, adapted from the original description in [6]. It assumes that the closest pair of points of S
have unit distance.
The asymptotic complexities of Cover Trees and Navigating Nets are summarized in Fig. 3. Both methods have
complexities that are optimal in terms of n ¼ jSj; however,
in the case of Navigating Nets, the large (polynomial)
dependence on d is impractically high. Experimental results
for the Cover Tree show good practical performance for
many real data sets [6], but the formal analysis still depends
very heavily on d.
The Cover Tree can also be used to answer approximate
similarity queries using an early termination strategy. However, the approximation guarantees only that the resulting
neighbors are within a factor of 1 þ " of the optimal distances, for some error value " > 0. The dependence on distance
values does not scale well to higher dimensional settings, as
small variations in the value of " may lead to great variations in the number of neighbors having distances within
the range.

3

PRELIMINARIES

In this section, we introduce some of the basic concepts
needed for the description of the RCT structure, and prove
a technical lemma needed for the analysis.

3.1 Level Sets
The organization of nodes in a Rank Cover Tree for S is similar to that of the skip list data structure [37], [42]. Each node

Fig. 3. Asymptotic complexities of Rank Cover Tree, Cover Tree, Navigating Nets (NavNet), RanWalk, and LSH, stated in terms of n ¼ jSj, neighbor
RCT,
set size k, and 2-expansion rate d. The complexity of NavNet is reported in terms of the doubling constant d . For the p
ﬃﬃﬃ we show the k-NN complexity bounds derived in Section 5 for several sample rates, both constant and sublinear. f is the golden ratio ð1 þ 5Þ=2. For the stated bounds,
the RCT results are correct with probability at least 1  n1c . The query complexities stated for the CT and NavNet algorithms are for single nearestneighbor (1-NN) search, in accordance with the published descriptions and analyses for these methods [6], [34]. Although a scheme exists for applying LSH to handle k-NN queries (see Section 6), LSH in fact performs ð1 þ "Þ-approximate range search. Accordingly, the complexities stated for
LSH are for range search; only the approximate dependence on n is shown, in terms of r, a positive-valued parameter that depends on the sensitivity
of the family of hash functions employed. The dimensional dependence is hidden in the cost of evaluating distances and hash functions (not shown),
as well as the value of r. The query bound for RanWalk is the expected time required to return the exact 1-NN.
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of the bottom level of the RCT (L0 ) is associated with a
unique element of S.
Definition 1. A random leveling of a set S is a sequence
L ¼ ðL0 ; L1 ; . . .Þ of subsets of S, where for any integer j  0
the membership of Ljþ1 is determined by independently selecting each node v 2 Lj for inclusion with probability D1 , for some
real-valued constant D > 1.
The level ðvÞ of an element v 2 S is defined as the maximum index j such that v 2 Lj ; a copy of v appears at every
level in the range L0 ; . . . ; Lj . The smallest index h such that
Lh ¼ ; is the height of the random leveling. Other properties
that will prove useful in analyzing the performance of Rank
Cover Trees include:






ðvÞ is a geometrically-distributed random variable
D
.
with expected value E½ðvÞ ¼ D1
The probability that v 2 S belongs to the non-empty
level set Lj is Pr½ðvÞ  j ¼ D1j .
The size of a random leveling, that is the sum of the
cardinalities of its level sets, has expected value
"
#
X
D
:
ðvÞ ¼ jSj
E
D
1
v2S
The expected height of a random leveling is logarithmic in jSj; moreover, the probability of h greatly
exceeding its expected value is vanishingly small
(see [37]):
Pr½h > ðc þ 1ÞE½h  1=jSjc :

3.2 Rank Function
Tree-based strategies for proximity search typically use a
distance metric in two different ways: as a numerical (linear) constraint on the distances among three data objects (or
the query object and two data objects), as exemplified by the
triangle inequality, or as an numerical (absolute) constraint
on the distance of candidates from a reference point. The
proposed Rank Cover Tree differs from most other search
structures in that it makes use of the distance metric solely
for ordinal pruning, thereby avoiding many of the difficulties associated with traditional approaches in high-dimensional settings, such as the loss of effectiveness of the
triangle inequality for pruning search paths [12].
Let U be some domain containing the point set S and the
set of all possible queries. We assume the existence of an
oracle which, given a query point and two objects in S,
determines the object most similar to the query. Note that
this ordering is assumed to be consistent with some underlying total order of the data objects with respect to the
query. Based on such an oracle we provide an abstract formulation of ranks.
Definition 2. Let q 2 U be a query. The rank function
rS : U  S ! N yields rS ðq; vÞ ¼ i if and only if ðv1 ; . . . ; vn Þ
is the ordering provided by the oracle for q and v ¼ vi . The
k-nearest neighbor (k-NN) set of q is defined as NNðq; kÞ ¼
fv 2 S j rS ðq; vÞ  kg.
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To facilitate the analysis of the RCT, we assume that the
oracle rankings are induced by a distance metric on the items
of S relative to any given query point q 2 U. In this paper, for
the sake of simplicity, we will assume that no pair of items of
S have identical distances to any point in U. When desired,
the uniqueness of distance values can be achieved by means
of a tie-breaking perturbation scheme [20]. Furthermore, the
total ranking of S can also serve to rank any subset of S. For
each level set Lj 2 L, we define the rank function rLj : U
Lj ! N as rLj ðq; vÞ ¼ jfu 2 Lj j rðq; uÞ  rðq; vÞgj, and henceforth we take rj and r to refer to rLj and rS , respectively.

3.3 Expansion Rate
As with the Cover Tree, the RCT is analyzed in terms of
Karger and Ruhl’s expansion rate. With respect to a query
set U, a random leveling L that, for all q 2 U and Lj 2 L, satisfies jBLj ðq; irÞj  di jBLj ðq; rÞj for some real value di > 0
and some integer i > 1, is said to have an i-expansion of di .
We consider random levelings with 2- and 3-expansion
rates d2 and d3 , respectively. For simplicity, in this version of
the paper we will place no constraints on the minimum ball
size, although such constraints can easily be accommodated
in the analysis if desired. Henceforth, we shall take Bj ðq; rÞ
to refer to BLj ðq; rÞ. Note also that the expansion rates of
random levelings may be higher than those based only on
the data set itself (level 0).
One of the difficulties in attempting to analyze similarity
search performance in terms of ranks is the fact that rank
information, unlike distance, does not satisfy the triangle
inequality in general. To this end, Goyal et al. [21] introduced the disorder inequality, which can be seen as a relaxed,
combinatorial generalization of the triangle inequality. A
point set S has real-valued disorder constant D if all triples
of points x; y; z 2 S satisfy
rðx; yÞ  D ðrðz; xÞ þ rðz; yÞÞ;
and D is minimal with this property. We can derive a similar relationship in terms of expansion rates of a set S.
Lemma 1 (Rank Triangle Inequality). Let d2 and d3 be the 2and 3-expansion rates for U and the random leveling L of S.
Then for any level set Ll 2 L, and any query object q 2 U and
elements u; v 2 S,




rl ðq; vÞ  max d2 rl ðq; uÞ; min d22 ; d3 rl ðu; vÞ :
Proof. From the triangle inequality, we know that
dðq; vÞ  dðq; uÞ þ dðu; vÞ:
There are two cases to consider, depending on the
relationship between dðq; uÞ and dðq; vÞ. First, let us
suppose that dðq; uÞ  dðu; vÞ. In this case, dðq; vÞ 
2dðq; uÞ. Since Bl ðq; dðq; vÞÞ  Bl ðq; 2dðq; uÞÞ, and since
rl ðq; vÞ ¼ jBl ðq; dðq; vÞÞj; we have
rl ðq; vÞ  jBl ðq; 2dðq; uÞÞj
 d2 jBl ðq; dðq; uÞÞj  d2 rl ðq; uÞ:
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Fig. 4. Offline construction routine for the Rank Cover Tree.

Now assume that dðq; uÞ  dðu; vÞ. Let w be any point
contained in the ball Bl ðq; dðq; vÞÞ. Since
dðu; wÞ  dðu; qÞ þ dðq; wÞ  dðq; uÞ þ dðq; vÞ
 dðq; uÞ þ dðq; uÞ þ dðu; vÞ  3dðu; vÞ;
the ball Bl ðu; 3dðu; vÞÞ entirely encloses Bl ðq; dðq; vÞÞ.
Therefore
rl ðq; vÞ  jBl ðu; 3dðu; vÞj
 d3 jBl ðu; dðu; vÞÞj  d3 rl ðu; vÞ:
Alternatively,
rl ðq; vÞ  jBl ðu; 4dðu; vÞj
 d22 jBl ðu; dðu; vÞÞj  d22 rl ðu; vÞ:
Combining both bounds on rl ðq; vÞ, the result follows. t
u
Henceforth, as a simplification, we shall take d to refer
to d2 , and use only the weaker claim that rl ðq; vÞ 


max d rl ðq; uÞ; d2 rl ðu; vÞ . In [36], Lifshits and Zhang
showed that disorder inequalities and expansion rates are
related, in that D  d2 . Note that our bound is tighter than
that presented in [36]; this improvement will be crucial to
the analysis of the RCT.

4

RANK COVER TREE

The proposed Rank Cover Tree blends some of the design
features of the SASH similarity search structure and the
Cover Tree. Like the SASH (and unlike the Cover Tree), we
shall see that its use of ordinal pruning allows for tight control on the execution costs associated with approximate
search queries. By restricting the number of neighboring
nodes to be visited at each level of the structure, the user
can reduce the average execution time at the expense of
query accuracy. The algorithmic descriptions of RCT construction and query processing are outlined in Figs. 4 and 5
respectively.
The underlying structure of the RCT is that of a tree T
imposed on a random leveling L of the data set S. Given
any 0  l < h, the subtree Tl  T spanning only the level
sets Ll ; Llþ1 ; . . . ; Lh1 2 L is also a Rank Cover Tree for the
set Ll ; Tl will be referred to as the partial Rank Cover Tree of
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Fig. 5. k-nearest neighbor search for the Rank Cover Tree.

T for level l. Now, for any u 2 Ll and any choice of
l < j < h, we define aj ðuÞ 2 Lj to be the unique ancestor of
u in Tl at level j.
RCT search proceeds from the root of the tree, by identifying at each level j a set of nodes Vj (the cover set) whose
subtrees will be explored at the next iteration. For an item u
to appear in the query result, its ancestor at level j must
appear in the cover set associated with level j. Vj is chosen
so that, with high probability, each true k-nearest neighbor
u satisfies the following conditions: the ancestor uj ¼ aj ðuÞ
of u is contained in Vj , and for any query point q, the rank
rj ðq; uj Þ of uj with respect to Lj is at most a level-dependent
coverage quota kj ¼ v maxfDkj ; 1g.
The real-valued parameter v is the coverage parameter. It
influences the extent to which the number of requested
neighbors k impacts upon the accuracy and execution performance of RCT construction and search, while also establishing a minimum amount of coverage independent of k.
The effects of this parameter on RCT performance is the
subject of the analysis in Section 5.
Offline construction of the RCT is performed by levelordered insertion of the items of the random leveling, with
the insertion of node v 2 Lj performed by first searching for
its nearest neighbor w 2 Ljþ1 using the partial Rank Cover
Tree Tjþ1 , and then linking v to w. The construction steps
are summarized in Fig. 4.
A Rank Cover Tree T will be said to be well-formed if for
all nodes u 2 T with parent v 6¼ u, the parent v is the nearest neighbor of u from among the nodes at that level—that
is, if rðuÞþ1 ðu; vÞ ¼ 1. In the analysis to follow, we determine conditions upon the choice of the coverage parameter v for which the construction algorithm produces a
well-formed RCT with high probability. We also derive
bounds on the error probability for k-NN queries on a
well-formed RCT.

5

ANALYSIS

This section is concerned with proving the following theorems stating performance guarantees for the RCT query and
construction operations. Here, n is the size of the data set S,
pﬃﬃ
h  3 is the height of the random leveling L, f ¼ 1þ2 5 is the
golden ratio, and d is the maximum over the expansion rates
of S and each level of L.
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Theorem 1. Let T be a well-formed Rank Cover Tree of height
h ¼ logD n on data set S. For any given query item q 2 U and
size 1  k  n, consider the k-nearest neighbor set U of q with
respect to S. Given some constant c > 0, if the coverage parameter v is chosen such that
v  xh1 ðch þ maxf2h; eDgÞ;
then with probability at least 1  n1c , a call to
RCT-Find-k-Nearest ðT; q; k; vÞ correctly returns the
entire set U, with the expected number of calls to the distance
oracle being in OðvDdðk þ hÞÞ.
Theorem 2. Let S  U be a finite set, and let L be a random leveling for S of height h ¼ logD n > 1. Let the two-expansion
rates of S and any level set L 2 L be no greater than d. Consider the Rank Cover Tree T produced via a call to RCT-Build
(h, L, v). If the coverage parameter is chosen such that
v  xh1 ðch þ maxf2h; eDgÞ;
then with probability at least 1  n1c , T is well-formed, and the
execution time required is in OðdDvnhÞ.
We begin the RCT analysis with two technical lemmas,
one of which relates the ranks of a query-neighbor pair with
respect to two different level sets. The other bounds the
average degree of nodes in an RCT.
Lemma 2. Let v be any item of level set Lj , 0 < j < h. Let a > e
and b > 0 be real-valued constants. For any query item q 2 U,
with respect to any level set Ll with 0  l < j, we have



a
Pr rj ðq; vÞ > max jl rl ðq; vÞ; b
D
(
)
a rl ðq;vÞ
e Djl
e rl ðq; vÞ b
:
;
 max
a
b Djl

Proof. Let U ¼ fu 2 Ll j rl ðq; uÞ  rl ðq; vÞg be the set of
rl ðq; vÞ-nearest neighbors of q in Ll . With respect to q, the
rank of v restricted to Lj is thus rj ðq; vÞ ¼ U \ Lj . Since
Lj is formed via independent selection of the members of
Ll with probability 1=Djl , the expected size of U \ Lj is
m ¼ rl ðq; vÞ=Djl . We analyze two cases according to how
the maximum of am and b is determined.
Suppose that am  b. Applying the standard Chernoff
bound technique [37] for the upper tail probability of
rj ðq; vÞ yields




1 e
Pr rj ðq; vÞ > am < m
e a

am

e
<
a

am

:

If on the other hand am  b, by using the Chernoff bound
technique again, we obtain




b
m 
Pr rj ðq; vÞ > b ¼ Pr rj ðq; uÞ >
m

em
b

b

VOL. 37, NO. 1,

JANUARY 2015

Proof. Let CðvÞ  Lj1 be the set of children of v. Let
u 2 CðvÞ be a child of v such that dðu; vÞ  dðw; vÞ for any
w 2 CðvÞ. By the triangle inequality, any child w satisfies
dðu; wÞ  dðu; vÞ þ dðv; wÞ  2dðu; vÞ
and is therefore contained in the ball Bj1 ðu; 2dðu; vÞÞ.
Therefore,
jCðvÞj  Bj1 ðu; 2dðu; vÞÞ
 d Bj1 ðu; dðu; vÞÞ ¼ drj1 ðu; vÞ:
Since Lj is generated by uniform random selection of
elements from Lj1 , E½jCðvÞj ¼ DjCðvÞj  Ddrj1 ðu; vÞ.
The assumption that T is well-formed implies that
u
t
rj1 ðu; vÞ ¼ 1, and therefore that E½jCðvÞj  Dd.
Let u 2 S be a k-nearest neighbor of a query point q 2 U.
Consider the unique ancestors u1 ; u2 ; . . . ; uh of u on each
level. Since the RCT is a tree, the search finds u if and only if
the coverage parameter v is chosen such that the
kj  rj ðq; uj Þ for each level 0  j < h (see Fig. 5). The following lemma provides a useful bound on the ranks of these
ancestors with respect to their levels.
Lemma 4. Let T be a well-formed Rank Cover Tree of height
h > 0 on data set S. For any given query item q 2 U and size
k  1, let u be a k-nearest neighbor of q with respect to
L0 ¼ S. Furthermore, let uj ¼ aj ðuÞ be the unique ancestor of
u at level j, for 0  j < h, and let u1 ¼ q. The rank of uj
with respect to q is at most
rj ðq; uj Þ  xj max rj ðui1 ; ui Þ;
pﬃﬃ
blogf ð 5 ðjþ1ÞÞc

where xj  d

0ij

pﬃﬃ
, and f ¼ 1þ2 5 is the golden ratio.

Proof. Consider the sequence u1 ; . . . ; uj , where u1 ¼ q. By
applying the rank triangle inequality (Lemma 1) with
respect to q ¼ u1 , ui , and uj , for any choice of 0  i < j,
we obtain the bound


rj ðq; uj Þ  min max d rj ðu1 ; ui Þ; d2 rj ðui ; uj Þ:
0i<j

Repeated application of the rank triangle inequality over
the resulting subsequences ultimately yields a bound of
the form
rj ðq; uj Þ  max fdai rj ðui1 ; ui Þg;
0ij

where ai is the maximum number of factors of d accumulated by the term rj ðui1 ; ui Þ during the expansion. Let
fðmÞ be the minimum worst-case number of factors of d
necessarily incurred in deriving a bound of the form
stated above, for a sequence of m þ 1 points (or m gaps).
The bound would then become
rj ðq; uj Þ  dfðjþ1Þ max frj ðui1 ; ui Þg;

:

0ij

u
t
Lemma 3. Let T be a well-formed Rank Cover Tree, and let v be a
node of T at level j, where h > j > 0. Then the expected number of children of v is at most dD.

and therefore it suffices to show that
pﬃﬃﬃ
fðmÞ  blogf ð 5 mÞc:
Clearly, the bound holds for m ¼ 1.
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Suppose for some s 2 N that m is the sth Fibonacci
number Fs , which satisfies F1 ¼ 1, F2 ¼ 1, and for any
integer s > 2,
1
1
Fs ¼ pﬃﬃﬃ fs  
f
5

s

¼ Fs1 þ Fs2 :

Observe that fðF1 Þ ¼ fðF2 Þ ¼ fð1Þ ¼ 0 and fðF3 Þ ¼
fð2Þ ¼ 2. Over a subsequence ðua ; uaþFb Þ with b > 2, we
may apply the rank triangle inequality at ua , uaþFb1 , and
uaþFb , yielding the recurrence
fðFs Þ  maxf1 þ fðFs1 Þ; 2 þ fðFs2 Þg:
This recurrence has solution fðFs Þ  s  1 for all s 2 N.
Even if m is not a Fibonacci number, for m  2 one can
always find a unique integer s  3 such that
Fs1 þ 1  m  Fs :

(1)

Since f is a monotonically non-decreasing function,
fðmÞ  fðFs Þ  s  1:
It now suffices to show that
pﬃﬃﬃ
blogf ð 5 mÞc  s  1:
Substituting for Fs1 in Inequality 1,
1
1
m  pﬃﬃﬃ fs1  
f
5
pﬃﬃﬃ
p
ﬃﬃ
ﬃ
1
5 m  fs1  s1 þ 5
f
> fs1 ;
since f

s1

s1

!
þ1

as required.

Proof. We assume that Vjþ1 contains the ancestor ujþ1 of ul .
By definition, the set Vj defined at step 2b consists of all
children of the nodes of Vjþ1 , and therefore must contain
the ancestor uj . The probability that uj is not retained as
a member of Vj is


Pr uj 2
= Vj j ujþ1 2 Vjþ1


¼ Pr rj ðq; uj Þ > kj



k
¼ Pr rj ðq; uj Þ > v max j ; 1 :
D
Applying Lemma 4 to the pair of points ðq; uj Þ yields


rj ðq; uj Þ  xj max rj ðq; u0 Þ; rj ðui1 ; ui Þ :
1ij

Combining with the error probability bound, we obtain


Pr uj 2
= Vj j ujþ1 2 Vjþ1





k
 Pr xj max rj ðq; u0 Þ; rj ðui ; uiþ1 Þ > v max j ; 1
0i<j
D
( "
(
)#
r0 ðq; u0 Þ 1
;
;
 max Pr rj ðq; u0 Þ > v max
0i<j
Dj xj xj

Pr rj ðui ; uiþ1 Þ
(
)#)
1
k
riþ1 ðui ; uiþ1 Þ
:
> v max
;
xj Diþ1 xj
Dji1
This last inequality holds since u ¼ u0 is a k-nearestneighbor of q, implying that r0 ðq; u0 Þ  k, and since T is
well-formed, implying that ri ðui1 ; ui Þ  1. Applying
Lemma 2 to the probability gives


Pr uj 2
= Vj j ujþ1 2 Vjþ1
(
exj xvj
exj
;
 max
ji1
0i<j
v
D
v

> 1 for all s  2. Therefore
pﬃﬃﬃ
logf ð 5 mÞ > s  1;

and

143

pﬃﬃﬃ
fðmÞ  s  1  blogf ð 5 mÞc
u
t

On its own, Lemma 4 is not sufficient to provide a deterministic performance bound, since neither u nor its ancestors are known until the search has reached the leaf level of
the RCT. However, by combining Lemmas 2 and 4, we can
derive a bound on the probability of an ancestor uj of a true
k-nearest neighbor u not being found at level j. This error
probability decreases exponentially with v.
Lemma 5. Let T be a well-formed Rank Cover Tree of height
h > 0 on data set S. For any given query item q 2 U and size
k  1, let u be an element of the k-nearest-neighbor set U of q
with respect to L0 ¼ S. Consider the cover sets Vj ð0  j < hÞ
generated as a result of a call to
RCT-Find-k-Nearest ðT , q, k, vÞ. If the coverage parameter satisfies v > exj , the probability that ancestor uj ¼ aj ðuÞ
fails to appear in cover set Vj whenever ancestor ujþ1 ¼
ajþ1 ðuÞ appears in Vjþ1 is at most


exj xvj
= Vj j ujþ1 2 Vjþ1 
:
Pr uj 2
v

v
xj

)
¼

exj
v

v
xj

:

u
t
We are now ready for the proofs of Theorems 1 and 2. As
with the previous lemma, which bounds the probability of
an ancestor of a neighbor failing to belong to the cover set at
a given level, we can bound the overall probability of the
failure of the search and construction operations by summing these individual error rates over all ancestors involved
in the operation.
Proof of Theorem 1. First, we note that the number of calls
to the oracle is proportional to the total number of nodes
visited during the descent of the RCT. Lemma 3 implies
that for each node retained in the cover set at a given
level, the expected number of children visited is at most
dD. Since the total number of nodes in the cover sets is in
Oðvðk þ hÞÞ, the complexity bound follows.
Noting that k < n and h  n, Lemma 5 implies that a
search in any RCT of height h satisfies
Pr½ U incorrectly returned
v
exh1 xh1
 k ðh  1Þ
v
v
exh1 xh1
2
n
:
v

(2)
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Since

for
t ¼ c logD n þ maxf2 logD n; eDg;
and since D > 1, t is at least e xh1 . Therefore, Inequality
2 can be extended as follows.
v
xh1

exh1
n
v

e t
n
:
t
2

(3)

Subsequently, Inequality 3 is transformed by applying
the (monotonic) logarithm function with base D. This
yields
logD Pr½U incorrectly returned
 logD n2

e
t

(4)

The RCT complexity bounds can be further simplified if
one assumes either that the sampling rate D is constant, or
1

the number of levels h is constant (D ¼ nh ). These cases are
shown in Fig. 3. It should be noted that when the number of
levels is fixed to h ¼ 3 or h ¼ 4, the dependence of the RCT
search time bound on d is d4 or d5 , respectively. For small
fixed choices of h, the dependence is much less than that of
the Cover Tree (at d12 ), while still maintaining sublinear
dependence on n.

6
(5)

By definition, t is at least D e, which gives
t
 1:
e

Therefore, the derivations up to Inequality 5 can be
extended in the following manner:
logD n 2 

Proof of Theorem 2. Analogous to Theorem 1. Since the
construction requires exactly one search query per point
v 2 S the complexity is an immediate result of the query
time complexity in Theorem 1.
u
t

t

e
¼ 2 logD n þ t logD
t
t
¼ 2 logD n  t logD
e
t
t
:
logD
¼ logD n 2 
logD n
e

logD

JANUARY 2015

Note that Theorem 1 bounds the number of calls to the
oracle made during the processing of a query. The asymptotic complexity bounds also apply to the additional cost
incurred at runtime, such as that of maintaining a set of tentative nearest neighbors.

v  xh1 ðcdlogD ne þ maxf2dlogD ne; eDgÞ  xh1 t

2
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t
t
logD
logD n
e

 logD n 2 

t
:
logD n

Subsequently, using the fact that


e D
max 2;
 2;
logD n
and by reinserting t into the above inequality, one
obtains
logD Pr½U incorrectly returned


eD
 logD n 2  c þ max 2;
logD n
 logD nð2  ðc þ 2ÞÞ
¼ clogD n
1
¼ logD c :
n
Since D > 1, exponentiation yields the result of
Theorem 1:
Pr½U incorrectly returned 

1
:
nc
u
t

EVALUATION

We investigated and compared the performance of different approaches to exact and approximate k-nearest neighbor search in general metric spaces. The experimental
evaluation assessed the query performance of the various
methods in terms of the tradeoff between accuracy and
execution time; the results are presented in Figs. 6a–7, 8,
9, 10, and 11, with accuracy plotted in terms of both recall
and relative distance error.

6.1 Methods
We compared the fixed-height variant of the RCT (for
heights 3, 4, 8 and 16) against the Cover Tree, the SASH,
and (for those instances in which the L2 -norm is applicable) the popular E2 LSH [2] implementation of LSH. The
performance of the RCT may be influenced by scaling the
coverage parameter introduced in Section 4, and the accuracy of LSH is subject to the choice of a parameter governing failure probability. For the Cover Tree, we used an
implementation provided by the authors [6] that is capable of handling k-NN queries. In addition, we compared
the performance of RCT against two libraries for approximate k-NN search based on the KD-Tree: the first library,
ANN [38], provides implementations of the KD-Tree and
BD-Tree (box decomposition tree). The BD-Tree was run
as recommended by the authors, using the ‘sliding midpoint’ and ‘simple shrinking’ rules. The accuracies of the
KD-Tree and BD-Tree may be influenced by parameters
governing admissible distance error. The second library,
FLANN [39], uses an ensemble of KD-Tree indices and
clustering-based KMeans trees, along with automatic
parameter tuning of these indices for optimized performance. The experimentation was performed with the
FLANN default parameter settings. The accuracy of
FLANN may further be influenced by varying a parameter
that governs the maximum number of leaf nodes that can
be searched. As a baseline, we also tested the performance
of sequential search (linear scan) over random samples of
the data, of varying sizes.
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Fig. 6. Performance curves obtained for the tested methods on the Amsterdam Library of Object Images, MNIST Database of Hand-Written Digits,
and the Forest Cover Type data sets.

Unfortunately, E2 LSH offers native support exclusively
for range queries. For k-nearest neighbor search, the E2 LSH
manual [2] suggests the construction of a hierarchy of structures for query ranges r, 2r, 4r ; . . . ; with r being the largest
pairwise distance within the data set. We constructed a hierarchy of eight such structures, each given 1 Gb of memory,
and queried them in ascending order of their associated
range sizes, until at least k results were returned. However,
as the size of the neighborhoods obtained in this manner
were often greatly in excess of k, we introduced an

additional filtering step in which the k-nearest neighbors
were extracted from among the elements of the result sets.
The query times presented for E2 LSH include the time spent
on the additional filtering. We justify this by the fact that the
range query results obtained were frequently orders of magnitude larger than the number of requested neighbors.

6.2 Data Sets
We chose a wide variety of publicly available data sets in
order to demonstrate the behavior of the investigated

Fig. 7. Performance curves obtained for the tested methods on the Poker Hands, Chess (King versus King-Rook), and the Gisette data sets.
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Fig. 8. The Pen-Based Recognition of Handwritten Digits Data Set [4]
contains 10,992 recordings of handwritten digits. The 16 features represent coordinates obtained by spatial resampling.

methods across different data types, set sizes, representational dimensions and similarity measures. For each individual data set, we selected 100 objects uniformly at
random as query locations.
We measured the average time required to find the
100-nearest neighbors for each of these queries. For those
methods making use of randomization, we averaged the
results across 10 successive builds of the index structure.
Except when otherwise stated, the distance measure
employed was the euclidean distance. For those data sets
for which some other distance measure is more appropriate,
the E2 LSH, KD-Tree, BD-Tree and FLANN were not evaluated (as the available implementations require the use of
the L2 or Lp norms). We furthermore investigated the variation in query time and achieved recall rates across different
queries for selected data sets.
So as to compare the relative performance of FLANN and
RCT (with h ¼ 4) on data sets of extremely high (but sparse)
dimensionality, we compared their performance on projections of a document data set along randomly-selected
dimensions between 512 and 4,096. In order that FLANN
could be applied, the resulting vectors were normalized,
and the L2 distance was employed as the similarity measure
for both methods.

6.3 Measure of Accuracy
We measured the accuracy of the methods in terms of both
distance error and recall, the latter perhaps being a more
appropriate measure for k-NN query performance. The
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Fig. 9. A selection of 554,651 documents drawn from the Reuters Corpus Vol. 2 [43] newspaper article data set (RCV2). The (sparse) vectors
spanned 320,647 keyword dimensions, with TF-IDF weighting. The vector angle distance (equivalent to cosine similarity) was used as the similarity measure.

recall is defined as the proportion of true nearest neighbors
returned by an index structure. That is, given a query q and
an approximate k-nearest neighbor list U ¼ ðuk Þ and its
exact counter-part U ¼ ðuk Þ, the recall is
jfdðq; uÞju 2 Ug \ fdðq; u Þju 2 U gj
:
jU j
Note that we do not penalize missing a true k-nearest
neighbor, if instead another point with identical querydistance is returned. The relative distance error of that
particular query result is defined as the smallest value
"  0 satisfying

Fig. 10. Average recall and query times achieved by the RCT (h ¼ 4) and
KD-Tree over 100 queries on the MNIST [35] handwritten digit data set.
The error bars represent one standard deviation.
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Fig. 11. Average recall and query times achieved by the RCT (h ¼ 4)
over different numbers of queries on the Reuters Corpus Vol. 2 [43]
newspaper article data set. The error bars represent one standard
deviation.

dðq; uk Þ  ð1 þ "Þ dðq; uk Þ:
Average distance errors will be reported only for those
queries for which no fewer than k items appear in the
result set.

6.4 Results
The experimental results are presented in Figs. 6, 7, 8, 9, 10,
and 11. In all instances tested, the fixed-height variants of
the RCT for heights 3 and 4 performed very well, in that
speed-ups over sequential search of more than 10 times
(and in some cases, 100 times or more) were obtained for
recall rates in excess of 90 percent. For no datasets were the
RCT performances for heights h ¼ 8 and h ¼ 16 competitive
with those for h ¼ 3 and h ¼ 4; these results were omitted
from the plots for the sake of clarity of exposition. In general, we recommend the use of h ¼ 4 for all data sets of
scales similar to those considered in this paper.
The performances of the RCT and the SASH were generally competitive with those of the other methods for the
lower-dimensional data sets; for the higher-dimensional
sets, the RCT and SASH dominated. Their main competitor
was the ensemble method FLANN, which tended to outperform RCT for those data sets for which the Euclidean distance was appropriate. However, it must be noted that
these data sets were of relatively small representational
dimension. Furthermore, although the accuracies achieved
by FLANN were high, the results show that FLANN query
times become impractically large as the dimensionality
rises, due to their computation of dense mean vectors (see
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Fig. 12. A comparison of FLANN and RCT on projections of the RCV2
set consisting of 512, 1,024, 2,048 and 4,096 dimensions, selected randomly. After projection, vectors were normalized (after eliminating any
zero-length vectors). The accuracies and execution times were averaged over 100 queries, using the euclidean distance as the dissimilarity
measure.

Fig. 12). The RCT is capable of good performance even for
data sets of extremely high representational dimensionality,
as can be seen from Fig. 9.
The RCT and SASH query times are generally much
more consistent than the other approximation algorithms
tested. Although space limitations prevent a full exposition
of the variation in query performance, as an example we
contrast the performance of the RCT and KD-Tree on the
MNIST data set by showing the variation in query time and
recall rate across 100 queries, in Fig. 10. For both methods,
the degree of variation in the recall rate increases as the
mean recall rate decreases; however, the variation in query
time is much lower for the RCT. In Fig. 11, where plots are
shown for the RCV2 set over 100, 1,000, and 10,000 queries,
we see that there is little change in the performance curves
as the number of queries increases.
Although LSH is known to provide fast approximations
of high quality for range-based queries, it performed
rather poorly on all but one of the sets tested (those for
which the Euclidean distance was used as a similarity measure). The time-accuracy trade-off controlled by the failure
probability parameter of the LSH was in many cases so
erratic that performance curves could not be generated;
instead, the measurements are displayed as a scatter plot.
The performance of the Cover Tree was more competitive than E2 LSH, substantially improving upon sequential

TABLE 1
Construction Times (in Seconds) for the Various Methods Tested

BD-Tree

KD-Tree

Cover Tree

E2 LSH
c ¼ 0:9

164.14
—
53.35
11.34
110.29
0.05
—
—

2.55
—
4.72
3.68
33.18
0.02
—
—

12.62
0.06
5.57
243.20
145.28
0.03
5.94
97435.90

6787.75
—
3097.30
3106.68
8236.89
50.22
—
—

ANN Framework
Data Set
ALOI
Chess
Cover Type
Gisette
MNIST
Pendigits
Poker
Reuters Corpus

Size
109,500
28,056
581,012
7,000
70,000
10,992
1022,771
554,651

Dim.
641
6
55
5,000
784
16
10
32,0647

RCT
FLANN
140.00
—
93.38
36.41
94.19
0.31
—
—

SASH

h¼3

h¼4

58.07
0.98
82.04
16.10
43.69
0.31
112.76
415.09

399.68
2.34
884.09
25.21
219.48
0.57
1044.63
4393.51

340.63
2.57
498.26
42.88
201.81
0.82
641.38
2736.37

For the RCT experiments, the trees were constructed using a coverage parameter value of v ¼ 64. The measurements presented for E2 LSH were obtained by
setting the success probability c to 90 percent.
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TABLE 2
Comparison of Construction Times (in Seconds)
between the FLANN and the RCT on the Subspace
Projections of the Reuters Corpus
RCT
Size
92,827
150,257
242,320
321,547

Dim.
512 (426)
1024 (832)
2,048 (1657)
4096 (3285)

FLANN
22.53
110.69
528.93
2481.48

h¼3

h¼4

22.14
60.64
156.04
269.87

19.28
42.42
88.76
131.35

The sizes listed are the numbers of non-zero vectors in the projected data sets.
The dimensions listed in parentheses are the numbers of attributes for which at
least one vector achieved a non-zero value. RCT construction was performed
using a coverage parameter value of v ¼ 64.

search for the Forest Cover Type (Fig. 6c) and the Poker
Hand (Fig. 7a) data sets. However, it was generally outperformed by the RCT, even for very high recall rates.
Trends observable among the results for the KD-Tree
show that it is somewhat competitive on data sets of low
representational dimensionality. Its performance, however,
degrades to that of the sequential scan on data sets of moderate to high representational dimension. On only one of
the investigated instances did the KD-Tree outperform the
RCT variants of heights 3 and 4 (the 53-dimensional Forest
Cover Type set, shown in Fig. 6c).
The comparable performance of the SASH and the RCT
may be explained in light of the similarities between the
two methods. The SASH can be regarded as a heuristic variant of the RCT, with additional parent pointers introduced
as a way of recovering from errors at search time, and with
higher query costs due to the extra overheads associated
with the multiple parent pointers. The redundancy sometimes allowed the SASH to outperform some of the RCT
variants over the very highest ranges of accuracy (recall
rates of roughly 90 percent or more), but in most situations
it was rendered less competitive than the RCT when tuned
for faster, less accurate performance.
The construction costs for the various indices are
reported in Tables 1 and 2. The time taken for RCT construction was generally greater than that of the BD-Tree,
KD-Tree, and SASH, it was consistently much less than
that of E2 LSH and (for higher-dimensional data sets)
FLANN. Like the SASH, the RCT does not suffer from the
excessively high construction costs of the other methods.
For the full-dimensional Reuters Corpus data set, these
methods were the only two to successfully complete
within one day (the Cover Tree required slightly more
than 27 hours). In order to show the effect of increasing
dimensionality on construction time, we listed the RCT
and FLANN construction times for the reduced-dimensional Reuters data sets, in Table 2. The results confirm the
superior performance of RCT over FLANN for very highdimensional data.
Finally, we note that the consistently good RCT performance for h ¼ 3 and h ¼ 4 compared with higher choices of
h reflects the importance of reducing the dependence of the
execution cost on the (intrinsic) dimensionality of the data.
This trend in the performance of the fixed-height variants of
the RCT has been validated on categorical data as well as

Fig. 13. Box-and-whisker plots of log2 d estimated for several data sets.
Maximum and minimum values are indicated by the whiskers, whereas
the box indicates the range spanned by values falling within one standard deviation of the mean. The estimation was performed using every
item as a center, over a range of inner ball sizes, from log2 n to 100.

numerical data, and for text data as well as image data and
other data types.

7

CONCLUSION

We have presented a new structure for similarity search, the
Rank Cover Tree, whose ordinal pruning strategy makes
use only of direct comparisons between distance values.
The RCT construction and query execution costs do not
explicitly depend on the representational dimension of the
data, but can be analyzed probabilistically in terms of a
measure of intrinsic dimensionality, the expansion rate. The
RCT is the first practical rank-based similarity search index
with a formal theoretical performance analysis in terms of
the expansion rate; for small choices of parameter h, its
fixed-height variant achieves a polynomial dependence on
the expansion rate of much smaller degree than attained by
the only other practical polynomially-dependent structure
known to date (the Cover Tree), while still maintaining sublinear dependence on the number of data objects (as does
LSH). An estimation of the values of the expansion rates is
shown in Fig. 13 for several of the data sets considered in
the experimentation; they show that in most cases, the ability to trade away many factors of the expansion rate more
than justifies the acceptance of a polynomial cost in terms of
n. The experimental results support the theoretical analysis,
as they clearly indicate that the RCT outperforms its two
closest relatives—the Cover Tree and SASH structures—in
many cases, and consistently outperforms the E2 LSH implementation of LSH, classical indices such as the KD-Tree and
BD-Tree, and—for data sets of high (but sparse) dimensionality—the KD-Tree ensemble method FLANN.
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